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Abstract
In this article we classify vessels producing solutions of some completely integrable PDEs,
presenting a unified approach for them. The classification includes such important examples
as Korteweg-de Vries (KdV) and evolutionary Non Linear Schro¨dingier (ENLS) equations. In
fact, employing basic matrix algebra techniques it is shown that there are exactly two canonical
forms of such vessels, so that each canonical form generalize either KdV or ENLS equations.
Particularly, Dirac canonical systems, whose evolution was recently inserted into the vessel
theory, are shown to be equivalent to the ENLS equation in the sense of vessels. This work
is important as a first step to classification of completely integrable PDEs, which are solvable
by the theory of vessels. We note that a recent paper of the author, published in Journal
of Mathematical Physics, showed that initial value problem with analytic initial potential for
the KdV equation has at least a ”narrowing” in time solution. The presented classification,
inherits this idea and a similar theorem can be easily proved for the presented PDEs. Finally,
the the resuts of the work serve as a basis for the investigation of the following problems: 1.
hierarchy of the generalized KdV, ENLS equations (by generalizing the vessel equations), 2.
new completely integrable PDEs (by changing the dimension of the outer space), 3. addressing
the question of integrability of a given arbitrary PDE (the future classification will create a list
of solvable by vessels equations, which may eventually include many existing classes of PDEs).
1 Background
In series of recent papers of the author, it was shown that some completely integrable PDEs
can be fully addressed using a theory of vessels. For example, the famous Korteweg-de Vries
(KdV) equation [KdV95, GGKM67], which was first considered by the author in [Melb], was
further significantly improved in [Mele] and finally culminated in a scattering theory of analytic
parameters in [Mel14c], and KdV hierarchy [Melc]. Second example is a notable Evolutionary
Non Linear Schro¨dinger (ENLS) equation [Kat89], which was inserted into the setting of vessels
in [Mel14b]. Third example, developed by the author addressed the scattering theory and a
corresponding completely integrable PDE for so called canonical (or Dirac) systems [Mel14a].
Worth noticing that a different from these three examples type of vessels was used in [Meld]
to solve a shallow waters (Boussinesq) equation, originated in [Bou72].
The scheme for construction of solutions of the KdV, ENLS and canonical PDE equations
is the same. It is a generalization of Zacharov-Shabath scheme written in a matricial form.
This scheme is further elaborated into a more detailed notion of so called KdV vessels, which
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in a very special case solve the KdV equation, mentioned earlier. More precisely, we consider
the following collection of bounded operators and spaces (K is a Krein space)
VKdV =
[
C(x, t) Aζ ,X(x, t), A B(x, t) σ1, σ2, γ, γ∗(x, t)
E K E Ω
]
,
B,C∗ : C2 → K, A,X, Aζ : K → K,
σ1, σ2, γ, γ∗(x, t) - 2× 2 matrices, Ω ⊆ R
2

∂
∂x
Bσ1 = −ABσ2 −Bγ),
∂
∂t
B = iA
∂
∂x
B,


σ1
∂
∂x
C = −σ2CAζ + γC,
∂
∂t
C = −i
∂
∂x
CAζ ,

∂
∂x
X = Bσ2C,
∂
∂t
X = iABσ2C − iBσ2CAζ + iBγC,
AX+ XAζ +Bσ1C = 0,
γ∗ = γ + σ2CX
−1Bσ1 − σ1CX
−1Bσ2.
which is called a (regular) KdV vessel on Ω, where X(x, t) is invertible. The author showed
in [Melb, Mel11, Mel14a, Mel14b, Mel14c] that in each particular case these equations are easily
solvable. To see it, notice that the the system of equations for B(x, t)

∂
∂x
Bσ1 = −(ABσ2 +Bγ),
∂
∂t
B = iA
∂
∂x
B,
consists of a constant coefficients equation (upper), and an easily solvable wave equation (bot-
tom). Similarly, the system of equations for C(x, t) is solved. Finally, the operator X(x, t) is
obtained from the operators B(x, t), C(x, t) by integration. The last two equations are also
easily handled: in fact, the last equation serves as a defining equation for the matrix γ∗(x, t)
and the algebraic relation AX+XAζ +Bσ1C = 0 must be satisfied as an initial condition only
(or more precisely, for fixed x0, t0).
To obtain a solution of the KdV equation (1) on a set Ω we choose the outer space E = C2
and
σ1 =
[
0 1
1 0
]
, σ2 =
[
1 0
0 0
]
, γ =
[
0 0
0 i
]
.
Then the function ((x0, t0) ∈ Ω)
q(x, t) = −2
∂2
∂x2
ln det(X−1(x0, t0)X(x, t))
satisfies [Mele, Mel14c]
qt = −
3
2
qqx +
1
4
qxxx. (1)
If we choose vessel parameters
σ1 = I =
[
1 0
0 1
]
, σ1 =
1
2
[
1 0
0 −1
]
, γ = 0 =
[
0 0
0 0
]
,
then there created solutions y =
[
0 1
]
γ∗(x, t)
[
1
0
]
of the evolutionary Non Linear Schro¨dinger
(ENLS) equation
iyt + yxx + 2|y|
2y = 0. (2)
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The proof of this fact can be found in [Mel14b].
Finally, solutions of the following canonical PDE
∂2
∂t2
β =
∂
∂x
[−
1
2
(β′)2 −
1
4
β′′′ +
(
∂
∂t
β)2 +
1
4
(β′′)2
β′
] (3)
are obtained if we choose
σ1 =
[
0 i
−i 0
]
, σ2 = I =
[
1 0
0 1
]
, γ = 0 =
[
0 0
0 0
]
.
The function β(x, t) =
∂
∂x
τ (x, t) =
∂
∂x
det(X−1(0, 0)X(x, t)) satisfies (3).
A reasonable question arises: are there other PDEs whose solutions are obtained using this
scheme (i.e. solving vessel equations). To solve this question for the two-dimensions outer space
(dimE = 2), we define an obvious equivalence on vessel parameters. They are called equivalent
if they produce the same first moment H0(x, t) = C(x, t)X
−1(x, t)B(x, t), which turns to be a
solution of the same PDE. We show that there are just two major generalizations for the case
E = C2. One equation (for complex valued β(x, t)) is called a generalized KdV equation (26)
4iγ12(β)t = 4(γ
2
11 + γ12γ21)(β)x − 6[(β)x]
2 − (β)xxx,
and another equation is called a generalized ENLS equation (24)
2a(β)t = iβxx − 2iγ11βx + i2(2a|β|
2 − γ21β + γ12h21)(γ12 + 2aβ).
Here, the parameters a, γij are constant numbers.
Future research will include other evolution equations for the variable t, creating corre-
sponding hierarchies. A similar result already exists for the classical KdV equation (1) in
[Melc]. Choosing E = C3, we will obtain a family of the three dimensional outer space equa-
tions. For example, one of such vessels was used by the author to solve a Boussinesq equation
in [Meld]. Studying these classifications for all dimensions of E , we will be able to address the
question which general PDEs are integrable.
Finally, we would like to mention some works of the author, originating the theory of vessels
[Mel11, Mel14a, Mel14c, Mel14b] and joint works with collaborators [AMV09, AMV12, MV14].
1.1 Vessels
Let as start by presenting a more formal setting of vessels used to study solutions of completely
integrable PDEs.
Definition 1. A collection of E × E matrices σ1, σ2 and γ, where σ1 is invertible, are called
vessel parameters.
Vessel parameters are used to solve operator valued differential equations in the definition
of a vessel.
Definition 2. A regular vessel associated to the vessel parameters is a collection of bounded
operators and spaces
V = (Aζ , C(x, t),X(x, t), B(x, t), A;σ1, σ2, γ, γ∗(x, t);K, E ,Ω), (4)
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where K is a Krein space, E is a finite dimensional space of degree E and σ1, σ2, γ are vessel
parameters. The following equations are assumed to hold:
0 =
d
dx
(B(x, t))σ1 + AB(x, t)σ2 +B(x, t)γ, (5a)
∂
∂t
B(x, t) = iA
∂
∂x
B(x, t). (5b)
0 = σ1
d
dx
(C(x, t)) + σ2C(x, t)Aζ − γC(x, t), (6a)
∂
∂t
C(x, t) = −i
∂
∂x
C(x, t)Aζ . (6b)
d
dx
X(x, t) = B(x, t)σ2C(x, t), (7a)
∂
∂t
X(x, t) = iAB(x, t)σ2C(x, t)− iB(x, t)σ2C(x, t)Aζ + iB(x, t)γC(x, t). (7b)
AX(x, t) + X(x, t)Aζ +B(x, t)σ1C(x, t) = 0, (8)
γ∗(x, t) = σ2C(x, t)X
−1(x, t)B(x, t)σ1 − σ1C(x, t)X
−1(x, t)B(x, t)σ2. (9)
where the operator X(x) is invertible in a region Ω. Equation (8) is called Lyapunov equation,
and (9) is called the linkage condition.
By definition, the transfer function of this vessel is
S(λ, x, t) = I − C(x, t)X−1(x, t)(λI −A)−1B(x, t)σ1, (10)
Poles and singularities of S with respect to λ are determined by A only. In other words, it is
a function possessing a Painleve property: its singularities are x, t independent. Using Schur
complements, the inverse function is given by
S−1(λ, x, t) = I + C(x, t)(λI + Aζ)
−1
X
−1(x, t)B(x, t)σ1. (11)
The vessel creates a completely integrable overdetermined input/state/output (u,x, y) system
as follows
Σ2,3 :


λxλ(x, t) = A xλ(x, t) +B(x, t)σ1 uλ(x, t),
∂
∂x
xλ(x, t) = B(x, t)m1uλ(x, t),
∂
∂t
xλ(x, t) = iA
∂
∂x
xλ(x, t) + iB(x, t)σ1
∂
∂x
uλ(x, t),
yλ(x, t) = uλ(x, t)− C(x, t)X
−1(x, t) xλ(x, t).
The system Σ2,3 maps solutions uλ(x, t) of

σ1
∂
∂x
uλ(x, t) = λm1uλ(x, t) +m0uλ(x, t),
∂
∂t
uλ(x, t) = −iλ
∂
∂x
uλ(x, t),
(12)
to solutions yλ(x, t) = S(λ, x, t)uλ(x, t) of

σ1
∂
∂x
yλ(x, t) = λm1yλ(x, t) + γ∗(x, t)yλ(x, t),
σ1
∂
∂t
yλ(x, t) = −iλ
∂
∂x
yλ(x, t)− iσ1
∂
∂x
[H0(x, t)]σ1yλ(x, t),
(13)
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where H0(x, t) = C(x, t)X
−1(x, t)B(x, t). In other words, the multiplication by S(λ, x, t) serves
as a Ba¨cklund transformations between equations of the wave type: if we carefully examine
the system (12) it is easy to see that the first equation is a linear differential equation with
constant coefficients and the second one is a wave equation. This fact can be found in [Mel14c,
Mela, Mele], or alternatively an interested reader can prove the following, purely computational
theorem.
Theorem 3 (Vessel=Ba¨cklund transformation). Assume that uλ(x, t) satisfies (12). Let V (4)
be a vessel and S(λ, x, t) (10) its transfer function. Then yλ(x, t) = S(λ, x, t)uλ(x, t) satisfies
(13).
Notice that the existence of the function H0(x, t) requires invertability of the operator
X(x, t). It is shown in [Mel14c] in a more general setting that the operator X−1(0, 0)X(x, t)
possesses determinant. As a result, its invertability, and hence the invertability of the operator
X(x, t) is equivalent to the determinant to be non-zero. It is time to reveal the name of its
determinant.
Definition 4. [Mel11] The tau function τ (x, t) of the vessel V is
τ = det(X−1(0, 0)X(x, t)). (14)
Developing the transfer function (10)
S(λ, x) = I − CX−1(λI − A)−1Bσ1 = I −
∞∑
n=0
Hn(x)
λn+1
σ1,
into Taylor series, we arrive to the notion of moment: the n-th moments of a regular vessel
V is Hn(x) = C(x)X
−1(x)AnB(x). Moments play a key role in this research and we present
some of their basic properties.
Theorem 5 ([Melc, Mel14c]). The following relations between the moments of a KdV vessel
V hold
σ−11 σ2Hn+1 −Hn+1σ2σ
−1
1 = (Hn)
′
x − σ
−1
1 γ∗Hn +Hnγσ
−1
1 , (15)
(Hn)
′
t = i(Hn+1)
′
x + i(H0)
′
xσ1Hn. (16)
Finally, the evolution of the generalized potential is as follows:
(γ∗)
′
t = −iγ∗(H0)
′
xσ1 + iσ1(H0)
′′
xxσ1 + iσ1(H0)
′
xγ∗. (17)
In order to see it, consider the mixed partial derivatives applied to the output of the system
(13).
1.2 Transformations of equivalency
We discuss two types of transformations. One of them changes the output parameters and is
called external transformation. The other type changes the inner parameters and is called an
inner transformation.
Definition 6. Two vessels producing solutions of the same PDE are called equivalent.
Using the external transformation of equivalency, we all completely characterize KdV ves-
sels with two dimensional outer space. These transformations may be further used for the
higher dimensional outer space cases, which in turn might have additional transformations of
equivalency.
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External transformation I. Suppose that the collection (4)
V = (Aζ , C(x, t),X(x, t), B(x, t), A;σ1, σ2, γ, γ∗(x, t);K, E ,Ω),
is a vessel. Define a new vessel
V˜ = (Aζ , C˜(x, t),X(x, t), B˜(x, t), A; σ˜1, σ˜2, γ˜, γ˜∗(x, t);K, E ,Ω), (18)
where for two invertible (dimE)2 matrices V,U
B˜(x, t) = B(x, t)U−1, C˜(x, t) = V −1C(x, t)
σ˜1 = Uσ1V, σ˜2 = Uσ2V, γ˜ = UγV, γ˜∗(x, t) = Uγ∗(x, t)V.
(19)
Then immediate and easy computations show that the collection V˜ is again a vessel. Such a
vessel has exactly the same inner parameters: H, Aζ ,X(x, t), A.
Taking the inverses of V,U and using them for another external transformation, we obtain
that the relation is actually an equivalence.
Definition 7. Vessels V and V˜, defined in (4) and (18) respectively, are called externally
equivalent of the first kind, if there exists a constant (dimE)2 invertible matrices U, V such
that (19) holds.
How does the vessel ingredients change under equivalence relation? This is a very easy
question to answer.
Lemma 8. Assume that the vessels V and V˜, defined in (4) and (18) respectively are externally
equivalent. Then H˜0(x, t) = H0(x, t).
Corollary 9. Assume that the vessels V and V˜ are externally equivalent. Then
γ∗(x, t) = γ∗(x, t), τ˜(x) = τ (x).
Proof: Immediate from Lemma 8 using definitions.
External transformation II. A more sophisticated transformation is presented next and
will be used to classify PDEs, obtained from KdV Vessels.
Theorem 10. Assume that vessels V (4) and V˜ (18) have the following relation between
parameters
σ˜2 = σ2 + k2σ1, γ˜ = γ + kσ1, (20)
then H˜0(x, t) = H0(x, t).
Proof: Equation (5a) with the new parameters σ˜2, γ˜ becomes
∂
∂x
Bσ1 + ABσ2 + k2ABσ1 +Bγ + kBγ = 0
from which it is easy to deduce from variation of coefficients that
B˜(x, t) = V (x, t)B(x, t), V (x, t) = exp((Ak2 + k)(x+ iAt)),
where B(x, t) is the solution of (5a) for the old parameters σ2, γ. Similarly, one can obtain
that
C˜(x, t) = C˜(x, t)U(x, t),
where U(x, t) = exp((Aζk2 − k)(x− iAt)). Finally, plugging
X˜(x, t) = V (x, t)X(x, t)U(x, t)
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we will obtain that new (7a), and (8) hold. As a result,
H˜0(x, t) = C˜(x, t)X˜
−1(x, t)B˜(x, t)
= C(x, t)U(x, t)(V (x, t)X(x, t)U(x, t))−1V (x, t)B˜(x, t)
= H0(x, t).
Definition 11. Vessels V and V˜ are called externally equivalent of the second kind if
(20) holds.
Internal transformation. It turns out that in order to produce solutions of PDEs one
can focus on the simplest forms of the operators A, Aζ . Suppose that A = V
−1JV and Aζ =
U−1JζU , where V,U are invertible operators and J, Jζ are Jordan-block matrices, corresponding
to the eigenvalues.
Theorem 12. Assume that the collection
V = (Aζ , C(x, t),X(x, t), B(x, t), A;σ1, σ2, γ, γ∗(x, t);K, E ; Ω)
is a vessel. Then the collection
V
′ = (A′ζ , C
′(x, t),X′(x, t), B′(x, t), A′;σ1, σ2, γ, γ∗(x, t);K, E ; Ω),
where
A′ζ = U
−1AζU, C
′(x, t) = C(x, t)U−1, X′(x, t) = V X(x, t)U−1,
B′(x, t) = V B(x, t), A′ = V AV −1 (21)
is also a vessel possessing the same moments and the same γ∗(x, t).
Remark: Notice that the operators A,Aζ become Jordan-block matrices in this case.
Proof: Notice first that the equations (5a) and (5b) can be multiplied by V on the left to
produce the corresponding vessel equations for V′:
d
dx
(B′(x, t)) + A′B′(x, t)σ2 +B
′(x, t)γ = d
dx
(V B(x, t)) + V AV −1V B(x, t)σ2 + V B(x, t)γ = 0,
∂
∂t
B′(x, t) =
∂
∂t
V B(x, t) = iV AV −1
∂
∂x
V B(x, t) = iA′
∂
∂x
B′(x, t).
In the same way one obtains equations (6a), (6b) by multiplying the same equations for V
from the right on U−1. Finally, equations (7a), (7b) and (8) for V′ are obtained from the same
equations for V by multiplying them on V from the left and on U−1 from the right.
Once the simplest form of the operators A,Aζ is established, there is a question arises
regarding the form of the function-matrices B,C and X. The only freedom that is remained is
in further multiplication by matrices V,U that commute with A and Aζ respectively. This is
done in order not to change the established operators A,Aζ in their simplest form.
Theorem 13. Assume that AV = V A, UAζ = AζU , then if the collection
V = (Aζ , C(x, t),X(x, t), B(x, t), A;σ1, σ2, γ, γ∗(x, t);K, E ; Ω)
is a vessel, so is the collection
V
′ = (Aζ , C
′(x, t),X′(x, t),B′(x, t), A;σ1, σ2, γ, γ∗(x, t);K, E ; Ω),
where
C′(x, t) = C(x, t)U−1, X′(x, t) = V X(x, t)U−1, B′(x, t) = V B(x, t).
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Proof: similar to the proof of Theorem 12.
Definition 14. Vessels V and V′ are called internally equivalent if (21) holds.
Main Theorem 15. Assume that
V = (Aζ , C(x, t),X(x, t), B(x, t), A;σ1, σ2, γ, γ∗(x, t);K, E ; Ω)
is a vessel. Then V is equivalent to the following vessel
V = (Jζ , C(x, t),X(x, t), B(x, t), J ; I, j2, γ, γ∗(x, t);K, E ; Ω)
where J, Jζ are in simplest via similarity form and j2 is a Jordan block matrix.
Proof: from the external transformation of the first kind, we will obtain that σ1 = I and
applying it again, that σ2 is in a Jordan-Block form. Then using the internal transformation,
the operators A,Aζ are brought to the simplest via similarity form.
2 Recurrence relations on moment entries
let us further investigate formula (15)
σ−11 σ2Hn+1 −Hn+1σ2σ
−1
1 = (Hn)
′
x − σ
−1
1 γ∗Hn +Hnγσ
−1
1 .
Taking matrix K satisfying [K, σ−11 σ2] = Kσ
−1
1 σ2 − σ
−1
1 σ2K, and multiplying (15) by σ1 we
will obtain that
0 = tr(K[σ−11 σ2,Hn+1σ1]) = tr(K(Hn)
′
xσ1 −Kσ
−1
1 γ∗Hnσ1 +KHnγ)
or
tr(K(Hn)
′
xσ1) = tr((σ1Kσ
−1
1 γ∗ − γK)Hn).
On the other hand, if [K,σ−11 σ2] 6= 0, we will obtain a relation on the entries of Hn+1 in terms
of the previous moment Hn and γ∗. Thus the following Lemma holds.
Lemma 16. If moments satisfy equation (15) then for any E × E matrix K it holds
Kσ−11 σ2 = σ
−1
1 σ2K ⇒ tr(K(Hn)
′
xσ1) = tr((σ1Kσ
−1
1 γ∗ − γK)Hn) (22)
Kσ−11 σ2 6= σ
−1
1 σ2K ⇒ tr((Kσ
−1
1 σ2 − σ
−1
1 σ2K)Hn+1σ1) = (23)
= tr(K(Hn)
′
xσ1 −Kσ
−1
1 γ∗Hnσ1 +KHnγ).
It follows from this lemma that if there is a matrix K = [σ−11 σ2, L] for some L and K
additionally commutes with σ−11 σ2 then
tr(K(Hn+1)
′
xσ1) = by (22) = tr((σ1Kσ
−1
1 γ∗ − γK)Hn+1)
= by
∂
∂x
(23) = −
∂
∂x
tr(L(Hn)
′
xσ1 − Lσ
−1
1 γ∗Hnσ1 + LHnγ).
Plugging here the formula (9) for γ∗ we can obtain that
tr([K, σ−11 γ]Hn+1σ1) =
∂
∂x
tr(L(Hn)
′
xσ1−Lσ
−1
1 γ∗Hnσ1+LHnγ)−tr(KH0σ1((Hn)
′
xσ1−σ
−1
1 γ∗Hnσ1+Hnγ))
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3 Canonical parameters
Using the external equivalency of the first kind we can always assume that σ1 = I . Indeed,
choosing U = σ−11 , V = I in transformations (19) we will obtain that. Of course, the parame-
ters σ2, γ will be changed too. Next step is to bring the parameter σ2 to its Jordan-block form,
preserving the fact that σ1 = I . Indeed assuming σ1 = I , σ2 = U
−1JU we can use transfor-
mations (19) with V = U−1 achieving σ˜1 = U
−1IU = I , σ˜2 = J . Finally using the external
transformation of the second kind, we will obtain that any set of parameters is equivalent to
the following:
Definition 17. A set of 2 × 2 vessel parameters σ1, σ2, γ is called canonical if σ1 = I,
γ =
[
γ11 γ12
γ21 −γ11
]
(i.e. tr(γ) = 0) and either
• σ2 =
[
a 0
0 −a
]
, a 6= 0, or
• σ2 =
[
0 0
1 0
]
.
In the first case, the triple σ1 = I,
[
a 0
0 −a
]
, a 6= 0, and γ =
[
γ11 γ12
γ21 −γ11
]
is called
generalized NLS parameters. In the second case, the triple σ1 = I, σ2 =
[
0 0
1 0
]
, and
γ =
[
γ11 γ12
γ21 −γ11
]
is called generalized KdV vessel parameters.
Main Theorem 18. Any set of 2 × 2 vessel parameters is equivalent to canonical vessel
parameters.
Proof: We have seen that using external equivalence of the first kind, we can assume that
σ1 = I and σ2 = J , its Jordan-block form. Moreover, using the external transformation of
the second kind, we immediately obtain that tr(γ) = 0 and σ2 has also trace zero, in the
case of two distinct eigenvalues, or that the eigenvalue can be removed by the second external
transformation, leaving only 1 in the off-diagonal entry (one of them, which we choose the 2,1
entry without loss of generality).
It follows from these considerations that canonical systems, presented in [Mel14a] are equiv-
alent to the generalized ENLS equation. For the canonical systems one uses parameters
σ1 =
[
0 i
−i 0
]
, σ2 = I, γ = 0.
Consequently, using the external transformation of the first kind for U = σ1, V = I we will
obtain that these parameters are equivalent to
σ1 = I, σ2 =
[
0 i
−i 0
]
, γ = 0.
Finally, since σ2 = V
[
1 0
0 −1
]
V −1 for V =
1
2
[
i −i
1 1
]
we conclude that, again from the
external transformation of the first kind for U = V these vessel parameters are equivalent to
the canonical generalized ENLS parameters with γ = 0.
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3.1 generalized NLS parameters
Let us develop the formula, corresponding to generalized NLS parameters. Assume that
H0(x, t) =
[
h11 h12
h21 h22
]
, then
γ∗(x, t) = γ + σ2H0(x, t)σ1 − σ1H0(x, t)σ2
= γ +
[
a 0
0 −a
] [
h11 h12
h21 h22
]
−
[
h11 h12
h21 h22
] [
a 0
0 −a
]
= γ +
[
0 (a− (−a))h12
(−a− a)h21 0
]
=
[
γ11 γ12 + 2ah12
γ21 − 2ah21 −γ11
]
.
The evolutionary equation (17) is equivalent to the evolution of its 1, 2 entry (b− a)h12 and we
will obtain that[
1 0
]
(γ∗)t
[
0
1
]
=
[
1 0
]
[−iγ∗(H0)xσ1 + iσ1(H0)xxσ1 + iσ1(H0)xγ∗]
[
0
1
]
2a(h12)t = −i
[
γ11 γ12 + 2ah12
] [ h′12
h′22
]
+ ih′′12 + i
[
h′11 h
′
12
] [ γ12 + 2ah12
−γ11
]
= ih′′12 − iγ11h
′
12 − i(γ12 + 2ah12)h
′
22 + ih
′
11(γ12 + 2ah12)− iγ11h
′
12
= ih′′12 − 2iγ11h
′
12 + i(h
′
11 − h
′
22)(γ12 + 2ah12).
In order to find h′11 − h
′
22 in terms of h12 we examine the formula (15):
σ2H1 −H1σ2 = H
′
0 − γ∗H0 +H0γ
= H ′0 −
[
γ11 γ12 + 2ah12
γ21 − 2ah21 −γ11
] [
h11 h12
h21 h22
]
+
[
h11 h12
h21 h22
] [
γ11 γ12
γ21 −γ11
]
and take 1, 1 and 2, 2 entries on both sides:
0 = h′11 − 2ah12h21 − γ12h21 + γ21h12,
0 = h′22 + 2ah12h21 − γ21h12 + γ12h21.
Thus
h′11 − h
′
22 = 2(2ah12h21 − γ21h12 + γ12h21)
and plugging it back into the evolutionary equation, we will obtain the following formula:
2a(h12)t = ih
′′
12 − 2iγ11h
′
12 + i2(2ah12h21 − γ21h12 + γ12h21)(γ12 + 2ah12) (24)
This is the standard NLS equation in case γ11 = 0, a = −1/2, and h21 = h
∗
12.
3.2 Generalized KdV parameters
Consider next the second canonical case. Let as denote γ =
[
γ11 γ12
γ21 −γ11
]
and H0(x, t) =[
h11 h12
h21 h22
]
. Then
γ∗(x, t) = γ + σ2H0(x, t)σ1 − σ1H0(x, t)σ2
= γ +
[
0 0
1 0
] [
h11 h12
h21 h22
]
−
[
h11 h12
h21 h22
] [
0 0
1 0
]
=
[
γ11 − h12 γ12
γ21 + h11 − h22 −γ11 + h12
]
.
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Plugging K = σ1 and then σ2 into (22) we will obtain that
(h11)x + (h22)x = 0.
and
(h12)x = γ12(h22 − h11) + (γ11 − γ22)h12 − h
2
12
From where it follows that under condition γ12 6= 0
h22 = −h11, h11 = −
−2γ11h12 + h
2
12 + (h12)x
2γ12
.
Then taking the 1,1 entry of the equality (17) leads to
−(h12)
′
t = −
[
1 0
]
(iγ∗(H0)
′
xσ1 + iσ1(H0)
′′
xxσ1 + iσ1(H0)
′
xγ∗)
[
1
0
]
= − i
2γ12
(2(h12)x
(
−2γ11h12 + h
2
12 − γ12γ21
)
+ 2(h12)xx(h12 − γ11)+
+4[(h12)x]
2 + (h12)xxx + 2γ
2
12(h21)x).
(25)
There is an unknown at this point parameter (h21)x, which can be found from the equations
(22), (23) as follows. Plugging K =
[
1 0
0 0
]
and then γ into (23), we will obtain formulas
for the entries of H1(x, t). If we denote the elements of H1(x, t) =
[
k11 k12
k21 k22
]
, they are
k22 =
1
2γ212
(
2γ212k11 − 4γ11γ12k12 − 2γ11h
3
12 + h
4
12 − (h12)x(4γ
2
11 + 2γ12γ21) + [(h12)x]
2+
+2h212(−γ12γ21 + (h12)x) + 2h12(γ12h21 + γ11(h12)x)− 2γ
2
12(h21)x + 2γ11(h12)xx
)
,
k12 =
1
2γ12
(
(h12)xx + h12(3(h12)x − 2γ12γ21)− 2γ11(h12)x + 2γ
2
12h21 + h
3
12 − 2γ11h
2
12
)
.
Consider (22) for K = σ2, substituting there the expressions for k22, k12 just found. After
simple cancellations we will arrive to
(h21)x = −
1
2γ212
(
2(h12)x
(
−2γ11h12 + h
2
12 − γ12γ21
)
+2(h12)xx(h12−γ11)+4[(h12)x]
2+(h12)xxx
)
.
Finally when we plug this found expression for (h21)x into (25), we will obtain
4iγ12(h12)t = 4(γ
2
11 + γ12γ21)(h12)x − 6[(h12)x]
2 − (h12)xxx, (26)
which is the famous KdV equation for γ12 = i and γ11 = γ21 = 0. More precisely, to get the
KdV equation one will need to differentiate the PDE with respect to x and use the substitution
f = (h12)x.
4 Soliton solutions
Soliton solutions are obtained if we use a finite dimensional inner space K. For the two canonical
cases, we present a one dimensional solitons for the most general case, leaving to the reader to
fill in the details, to explore some particular cases and higher dimensional solitons.
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Generalized ENLS soliton. Notice first that the differential equations (5a), (6a) has
constant coefficients and are solvable. To simplify computations, we present a simpler case
when γ12 = γ21 = 0. In this case, we denote
k = Aa+ γ11, kζ = −Aζa+ γ11
and functions of the vessel as follows:
B(x, t) =
[
exp(−kx− iAkt)B1 exp(kx+ iAkt)B2
]
,
C(x, t) =
[
exp(kζx− iAζkζt)C1
exp(−kζx+ iAζkζt)C2
]
,
where B1, B2, C1, C2 are arbitrary constants. Define next
X(x, t) =
B(x, t)C(x, t)
A+ Aζ
.
Then for the first moment H0(x, t) = C(x)X
−1(x)B(x) = [hij ] we will obtain that
h12 = −
C1(A+ Aζ)e
2(aA+γ11)(x+iAt)
B1C1 + C2 exp(2i(A+ Aζ)(γ11t+ a(At− Aζt− ix))
and
h21 = −
B1C2(A+ Aζ)e
2(aAzeta−γ11)(x−iAζt)
B1C1 +C2 exp(2i(A+ Aζ)(γ11t+ a(At− Aζt− ix)))
.
In order to get an equation in one function (h12) we can choose symmetric parameters and
realizations. For this it is enough to require
Aζ = A
∗, B1 = 1, C1 = C2, a, iγ11 ∈ R,
and then h21 = h
∗
12.
Generalized KdV soliton. Suppose that A,Azeta are fixed numbers together with the
2× 2 matrix-parameter γ =
[
γ11 γ12
γ21 −γ11
]
. Define the following numbers
k =
√
Aγ12 − det γ, kζ =
√
−Aζγ12 − det γ
and the functions (for arbitrary constants B1, B2, C1, C2)
b2(x, t) = cosh(kx+ iAkt)B1 + sinh(kx+ iAkt)B2, b1(x, t) =
−(b2(x, t))x + γ11b2(x, t)
γ12
B(x, t) =
[
b1(x, t) b2(x, t)
]
c1(x, t) = cosh(kζx− iAζkt)C1 + sinh(kζx− iAζkζt)C2, c2(x, t) =
(c1(x, t))x − γ11c1(x, t)
γ12
C(x, t) =
[
c1(x, t)
c2(x, t)
]
and finally
X(x, t) =
B(x, t)C(x, t)
A+ Aζ
.
Then this collection defines a vessel, producing a one-dimensional soliton for the generalized
KdV equation (26):
h12 =
[
1 0
]
C(x, t)B(x, t)
[
0
1
]
X(x, t)
.
12
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